Let g be a Riemannian metric on a 2-dimensional torus. It is well known that the set of minimal geodesics on the universal covering has common properties with certain orbits of monotone twist maps on an annulus. Here we prove such intersection properties for geodesics on T 2 which turn out to be similar to those for orbits of monotone twist maps. The first result is that for a metric with vanishing topological entropy, for every geodesic c there exist the forward and backward rotation numbers. Furthermore in the case of vanishing topological entropy periodic geodesics c cross their translates on the universal covering only in the direction of their homotopy class. As a second result we show that a Riemannian metric g is flat iff no geodesic c crosses its translate τ c.
Introduction and Main Theorems
Let g be a Riemannian metric on T 2 and R 2 the universal covering. We can also consider g as a Z
2 -periodic metric on R 2 and we use the same notation for geodesics c : R → T 2 on the torus and their lifts c : R → R 2 on the universal covering. Both the Riemannian distance on the unit tangent bundle induced by the Sasaki metric and the distance function on the manifold we will denote by d(·, ·). By || · || we denote the Euclidian norm on R 2 . The topological entropy of a metric g means always the topological entropy of the induced geodesic flow φ t on the unit tangent bundle. Homotopy classes of closed geodesics on T 2 are denoted by elements (p, q) ∈ Z 2 . The translation of a point x = (x 1 , x 2 ) ∈ R 2 on the universal covering by a translation element τ (p,q) , (p, q) ∈ Z 2 , is defined as τ (p,q) (x 1 , x 2 ) = (x 1 + p, x 2 + q). For a given geodesic c : R → R 2 we will consider its half-geodesics c + = c| [0,∞) : R ≥0 → R 2 and c − = c| (−∞,0] : R ≤0 → R 2 . Occasionally we will identify a curve c with its image. Speaking of intersections or crossings of curves we only consider transversal crossings and we will denote transversal intersections by | ∩ .
Definition 1 (Minimal geodesics)
. The lift of a geodesic c : R → T 2 on the universal covering is called a minimal geodesic if it is a globally minimizing geodesic, i.e., if for every interval [a, b] ⊂ R the segment c| [a,b] of c is the shortest curve joining c(a) and c(b) (see e.g. [11] ).
Minimal geodesics on the two-dimensional torus are well studied as we will report in Remark 9 more precisely. Also structural parallels to the behavior of certain orbits of monotone twist maps which we will introduce Definition 8 are known. In this paper we extend the set of parallels of properties to arbitrary geodesics under the assumption of vanishing topological entropy. The properties for orbits of monotone twist maps go back to S. Angenent in [2] and P. L. Boyland in [15] . We will summarize them in Remark 9 precisely. After this remark we will formulate our analogue results for geodesics on T 2 . First we have to introduce some definitions:
Definition 2 (types of half-geodesics). Let c : R → R 2 be a geodesic on the universal covering. The half-geodesic c + : R ≥0 → R 2 is called
• bounded, if there exists a compact set K with c + (t) ∈ K for all t ≥ 0.
• unbounded, if for all compact sets K there exists t 0 with c + (t) / ∈ K for all t > t 0 .
• oscillating, if c + is not bounded and not unbounded, i.e., there exists a compact set K and sequences t n , s n with ||c + (s n )|| → ∞ and c + (t n ) ∈ K for t n , s n → ∞.
Analogously we distinguish bounded, unbounded and oscillating half-geodesics c − . A geodesic c : R → R 2 is unbounded if both of its half-geodesics c + and c − are unbounded.
Remark 3. The measure of mixed cases of geodesics, e.g. c + bounded and c − unbounded, is zero, as proved by M. Wojtkowski in [31] .
Definition 4 (forward and backward rotation numbers). Let c
+ : R ≥0 → R 2 be an unbounded half-geodesic on the universal covering R 2 . Then, if the limit exists,
is the forward direction. Obviously this definition of the forward direction is independent of the translation of the coordinate system and the existence of the direction is also independent of the chosen lift. Then, with the (canonical) projection
is the forward rotation number.
For a chosen lift the projection π(s) of a direction s ∈ S 1 is the quotient of the x-and y-coordinates of s as shown in Figure 1 . Obviously the coordinates fulfill y 2 + x 2 = 1. We define π(s) := y x for x = 0. For s ∈ {(0, ±1)} we set π(s) := ∞. (a) In Definition 4 we only had to consider unbounded half-geodesics because by Definition 2 it is obvious, that the limits do not exist for the other types of half-geodesics.
(b) We can extend the definition of the different types of half-geodesics to piecewise geodesic curves. Then also in this case of piecewise geodesic unbounded curves we can define the forward and backward rotation numbers analogously to Definition 4. A rotation number ρ is called rational if ρ = ∞ or ρ ∈ Q. A direction δ is called rational if π(δ) ∈ Q ∪ {∞}. Let r ∈ (−∞, ∞] be rational and M ⊂ R 2 . We call M τ (r) = {τ (p,q) M | π ρ (p, q) = r and (p, q) ∈ Z 2 \ {(0, 0)}} the set of all r-translates of M .
Remark 7. Let (a, b), (p, q) ∈ Z 2 \ {(0, 0)}. It holds π ρ (a, b) = π ρ (p, q) ⇔ (a, b) and (p, q) are Z-linearly dependent.
As an easy application of the rotation numbers we get: Lemma 1.1. Let c : R → R 2 be a lift a non-contractible periodic geodesic on T 2 . Then forward and backward rotation numbers exist and it holds ρ + (c) = ρ − (c).
Proof. As c is a periodic non-contractible geodesic on T 2 , on the universal covering there exists τ (a,b) with τ (a,b) c = c and (a, b) ∈ Z 2 \ {(0, 0)}. Because of its periodicity c stays in a β-strip (for some β > 0) around the straight line connecting the points τ i (a,b) c(0), i ∈ Z, for all times. This implies ρ + (c) = ρ − (c) = π ρ (a, b) for the rotation numbers.
Definition 8 (Monotone twist maps).
A monotone twist map (see e.g. [11] ) is an orientation preserving Remark 9. The study of the class of minimal geodesics goes back to G. A. Hedlund [20] in 1932 and preparatory work of H. M. Morse [28] on minimal geodesics on the universal covering of surfaces of higher genius in 1924. Hedlund proved that there exists a global constant D > 0 such that each minimal geodesic is accompanied by an Euclidian straight line and each straight Euclidian line is accompanied by a minimal geodesic in a distance smaller than D. This result allows to define a direction for minimal geodesics on the universal covering. Using another approach V. Bangert defines in [11] a rotation number for minimal geodesics: For a fixed coordinate system on R 2 this rotation number ρ(c) of a minimal geodesic c with c(t) = (c x (t), c y (t)) and such that there exists a sequence t k with c x (t k ) = k for k ∈ Z, is given by
.
If there does not exist a sequence t k fulfilling the assumption, then ρ(c) = ∞. Hence, Bangert's definition of the rotation number for minimal geodesics coincides with our Definition 4. Hedlund studied properties of minimal geodesics with rational rotation numbers and Bangert completed it by the study of minimal geodesics with irrational rotation numbers. For an overview of these properties see for example [11] . Also in [11] Bangert presents a formalism which allows to consider minimal geodesics and a special class of orbits of monotone twist maps at the same time and concludes parallels in their properties.
In the case of a rational rotation number periodic minimal geodesics correspond to the so-called Birkhoff periodic orbits of minimum type and asymptotic geodesics connecting neighboring periodic minimals correspond to orbits connecting neighboring Birkhoff periodic orbits of minimum type.
In the case of a irrational rotation number we obtain for the torus ordered minimal geodesics on R 2 and for the monotone twist maps the existence of the so-called Mather sets. The study of the orbits of monotone twist maps goes back to J. N. Mather in [27] . An extension of Bangert's formalism to arbitrary geodesics and orbits is not possible. S. B. Angenent studies in [2] monotone twist maps of the annulus A with vanishing topological entropy. To every point P ∈ A we associate the sequence {x k (P )} where x k (P ) is the x-coordinate ofφ k (P ′ ) and P ′ is a lift of P . He shows the following statements: If the mapφ has zero topological entropy, then every P ∈ A has a forward and backward rotation number defined by
Furthermore, if the mapφ has zero topological entropy and P is a periodic point of type (p, q) with gcd(p, q) = 1, then the orbit of P is a Birkhoff orbit. The second result was originally proven by P. L. Boyland in [15] using other methods. J. Denvir and R. S. MacKay proved in [17] that the existence of a simple contractible geodesics on the two-dimensional torus implies positive topological entropy. Further studies on the behavior of geodesics on the two-dimensional torus in the case of vanishing topological entropy do not appear in the literature.
In this paper we present the following main results:
Main Theorem I. Let g be a Riemannian metric on T 2 with vanishing topological entropy. Then, on the universal covering, every geodesic c is unbounded and has a forward and backward rotation number.
Remark 10.
(a) The forward rotation number defines a non-constant function
which is invariant under the geodesic flow. Analogously we define ρ − :
(b) The first part of the statement is a consequence of Theorem 3.1 and Theorem 6.1 where we show that the existence of a bounded or oscillating half-geodesic implies positive topological entropy for the metric g.
(c) We introduce in Definition 42 a polar-angle-function for half-geodesics. Then, Main Theorem I also implies that in the case of vanishing topological entropy the polar-angle-function of every single geodesic is bounded (see Lemma 7.3).
Definition and Remark 11. We expand the definition of the greatest common divisor on all integers by setting:
gcd(a, b) := gcd(|a|, |b|) and gcd(a, 0) = gcd(0, a) := |a| for all a, b ∈ Z.
We introduce the following set of directions:
Definition 12. For an unbounded half-geodesic c + on the universal covering we consider the set
The idea to consider this set goes back to S. B. Angenent, who formulated an analogue definition for orbits of monotone twist-maps in [2] . Remark 14. The example of the torus of revolution of a strictly convex curve illustrates the properties of Main Theorem III: We consider the homotopy class (0, 1) that contains the hyperbolic periodic geodesic c h and the elliptic periodic geodesic c p corresponding to the shortest and longest orbits of revolution, respectively. Then the periodic geodesics that oscillate in a neighborhood of c p and have the same forward and backward rotation numbers as c h and c p fulfill the properties of Main Theorem III.
Main
Main Theorem IV. Let g be a Riemannian metric on T 2 . Then flatness of the metric g is equivalent to the condition that no geodesic c crosses its translate τ (a,b) c on the universal covering for any (a, b) ∈ Z 2 \ {(0, 0)}.
With a more geometric point of view and the interpretation of an intersection of a geodesic c with a translate as the existence of a geodesic loop which is not closed we can reformulate the Main Theorem IV in the following way:
Then flatness of the metric g is equivalent to the condition that there exists no geodesic loop on T 2 which is not closed.
Definition 15. Let r ∈ (−∞, ∞] be a rational number. We say that a geodesic c : R → R 2 has a bounded number of intersections with its r-translates if there exists b c (r) such that
Remark 16. For a lift c of a periodic non-contractible geodesic on T 2 with rotation number r the bounding-condition in Definition 15 immediately implies that there exists a primitive element (a, b) ∈ Z 2 \ {(0, 0)} with π ρ (a, b) = r such that c is an axis of τ (a,b) . Furthermore for lifts of periodic geodesics we get b c (r) = 0. 2) All geodesics c on the universal covering have a forward and backward rotation number.
3) The topological entropy vanishes. For a survey of the arguments used to prove Main Theorem I see Figure 2 . Main Theorem II is the contraposition of Theorem 7.4 and Main Theorem III is a consequence of Main Theorem II. The proof of Main Theorem V uses Main Theorem I and arguments about the structure of horseshoes. Main Theorem IV uses independent arguments from the theory of minimal geodesics.
The idea to study further parallels between monotone twist maps and the geodesics on T 2 goes back to G. Knieper. The motivation to consider the intersections of geodesics with their translates is inspired by private communication with S. B. Angenent. He conjectured that analogue statements as for monotone twist maps formulated in his work on monotone twist maps from 1988 [2] should be true for geodesics on T 2 . More precisely, as already mentioned in Remark 9, he proved results analogue to Theorems I and III for monotone twist maps. In our approach we imitated the structure and some ideas of his proofs. We conjectured the result of Main Theorem IV for a long time. After a discussion with V. Bangert we proved it with methods similar to [10] as an application of a result of N. Innami in [22] .
After the introduction of the Main Theorems in the first section we will present the fundamental tools in the second section. In the fourth section we will generalize these arguments and in the fifth section we will discuss the consequences of self-intersections of half-geodesics on the universal covering. In the third and sixth section we will show that bounded and oscillating half-geodesics only appear in the case of metrics with positive topological entropy. Then in the seventh and eighth sections we will prove the Main Theorems. In the ninth section we give a criterion for the continuity of the rotation number. 2 Flow-by-curvature Curve Shortening and fundamental methods
To lay out the proofs of the results clearly, we first present the main methods and ideas involved. In 1998 J. Denvir and R. S. MacKay [17] showed as a conclusion of their study on geodesically convex surfaces of negative Euler characteristic the following result:
Theorem 2.1 (J. Denvir and R. S. MacKay, see [17] In other words the existence of a simple contractible closed geodesic on T 2 implies chaotic dynamics for geodesic flows, i.e, positive topological entropy. After introducing some methods we will generalize this result for the case of closed contractible geodesics. The idea goes back to the approach of S. B. Angenent in [7] .
Definition 18 (see for [19] As the length l t of the curve γ t fulfills
the length is a decreasing function. An important fact is that embedded curves never become singular, unless they shrink to a point, as proved by Grayson in [19] . This is already implicitly contained in Theorem 2.2. Without the assumption in Theorem 2.2 that γ 0 is embedded, as Angenent mentions in [6] , the curve could also become singular in finite time without shrinking to a point. More precisely, starting with a smooth closed curve γ 0 let the solution exist for t ∈ [0, T ) with T < ∞. As t → T the curve γ t converges to a piecewise smooth curve γ T that has finitely many singular points. Then, either γ t shrinks to a point, or else any neighborhood U of any of the singular points will contain a self-intersecting arc of γ t for t sufficiently close to T . The big advantage of the flow-by-curvature is that in contrast to the Birkhoff curve shortening it does not produce new self-intersections, as will be cited in Theorem 2.5. The assumption that M is convex at infinity ensures that since an evolving curve γ t cannot leave a compact set, the set of limit curves exists. In our special case of the torus we will directly show that the embedded curve γ t stays in a compact set on the universal covering R 2 of T 2 or i a compact set on some unbounded cylinder C for all t ∈ [0, T ). Then, by excluding that γ t converges to a point we conclude with Grayson's Theorem 2.2 that the curvature of γ t converges to zero, i.e. there exists a subsequence t n such that γ tn converges to a closed geodesic. To prove that γ t will not shrink to a point in the case of a contractible initial condition γ 0 or to show that two solutions under the flow with special different initial conditions γ 0 and η 0 do not have the same closed geodesics in their limit, we will use the following intersection properties of the curve shortening flow: S. B. Angenent studied in [3, 4] the relation of two smooth closed curves that both evolve under the Curve Shortening. We cite the statement given in [6] . Theorem 2.3 (S. B. Angenent, see [6] ). Let γ 0 , η 0 : S 1 → M be two smooth curves with γ 0 = η 0 . Then the two different solutions {γ t | 0 < t < T } and {η t | 0 < t < T } of the Curve Shortening have a finite number of intersections for all t ∈ (0, T ) and they intersect only transversally except at a discrete set of times {t j } ⊂ (0, T ), and at each t j the number of intersections of γ t and η t decreases.
Further on in [4] he gives a variation of this result for the case of curve-segments. In his formulation the statement holds for a bigger class of differential equations. We will formulate it in the special case of the Curve Shortening.
Theorem 2.4 (S. B. Angenent, see [4] ). Let γ 0 , η 0 : [0, 1] → M be two curve-segments and {γ t | 0 < t < T }, {η t | 0 < t < T } solutions of Curve Shortening which satisfy
Then the number of intersections of γ t and η t is a finite and nonincreasing function of t ∈ (0, T ). It decreases whenever γ t and η t have a tangency.
We will apply this theorem in the special form that η 0 is a geodesic segment, i.e. fix under the Curve Shortening, and γ 0 a closed curve. Another very important statement is as already mentioned above that under the Curve Shortening the number of self-intersections of the initial smooth curve can only decrease. More precisely, as formulated in [6] : Theorem 2.5 (S. B. Angenent, see [6] ). Let γ 0 be a smooth closed curve. Any smooth solution {γ t | 0 < t < T } of Curve Shortening which is not a multiple cover of another solution, always has finitely many self-intersections, all of which are transverse, except at a discrete set of times {t j } ⊂ (0, T ). At each time t j the number of self-intersections of γ t decreases.
The main argument in the proofs of these theorems is the maximum principle for linear parabolic partial differential equations. The simplest approach is to use local graphs: We consider an extra geodesic curve, such that both γ t and η t are local graphs of functions u γ (x, t) and u η (x, t) over this geodesic. Then the difference of these functions denoted by u(x, t) fulfills after some modifications under the Curve Shortening a quasi-linear parabolic differential equation to which we can apply the maximum principle. To prove Theorem 2.4 for example, the simplest approach is to use local graphs: We consider the solution γ t if possible as the graph of a function u(x, t) over the given geodesic segment, otherwise we consider an extra geodesic curve, such that both γ t and the geodesic segment are local graphs over the geodesic. The function u(x, t) fulfills then under the Curve Shortening a quasi-linear parabolic differential equation to which we can apply the maximum principle. For more details see [3, 4, 16, 19, 6] . The earliest results to this topic go back to Sturm [29] , in the year 1836, known as the Sturm oscillation theorem.
In our approach we will consider as the surface an unbounded cylinder C and the following two kinds of situations:
(1) γ 0 is a smooth embedded closed but not contractible curve on C and c 1 , ..., c n are closed geodesics on C, such that γ 0 ∩ c j = ∅ for all j ∈ {1, ..., n}. Then under the curve-shortening flow by Theorem 2.3 they stay disjoint for all times t ∈ [0, T ) for which γ t is defined (used e.g. in the proof of Theorem 2.6).
(2) γ 0 is a smooth closed but not contractible embedded curve on C and c = ∞ i=1 c i is a piecewise geodesic curve which divides the cylinder C in two connected components A and B. As explained in Definition 31 they will be called the interior and exterior of c. We have γ 0 ∩ c = ∅ and let γ 0 lie in the exterior of c. The interior angles α i in the singularities of c fulfill α i ≥ π. Then, combining Theorem 2.4 with the fact that γ t will never become singular we obtain that γ t cannot pass c, i.e., γ t lies in the exterior of c for all t ∈ [0, T ) (used e.g. in the proofs of Theorem 4.1 and Theorem 4.2). This generalization is motivated by a proof of the same result by S. B. Angenent in [7] . The difference is the following: S. B. Angenent constructs plenty of different contractible geodesics such that their abundance implies positive topological entropy. We construct in every non-trivial homotopy class a separated and exponentially growing set of closed geodesics which also implies positive topological entropy. The advantage of our approach is that we can generalize it to weaker conditions, as shown below. The existence of a special pair of so called V -geodesics will play an important role.
Remark 19.
We fix an Euclidian metric g E on R 2 . Let d denote the Riemannian distance, d E the Euclidian distance and let x, y ∈ R 2 . Since T 2 is compact there exists a constant A > 0 such that the Riemannian and the Euclidian distance functions on
Remark 20. The topological entropy is defined by Bowen (see e.g. [12] ) as
and r T (φ, ε) denotes the largest cardinality of any (φ, ε)-separated set with respect to T on the unit tangent bundle. For more details see for example [32] . Constructing periodic geodesics on T 2 with length bounded by T such that their number growths exponentially with T and with the property that they are pairwise ε-separated, we get a (φ, ε)-separated set of closed orbits on the unit tangent bundle. The cardinality of this set is a lower bound for r T (φ, ε). Hence we get positive topological entropy.
Theorem 2.7 (R. Bowen, see [12] ). Let (X, d), (Y, e) be compact metric spaces and T :
(h top (T, p −1 (y)) means that we consider the topological entropy of
In the following proof of Theorem 2.6 we will first compute the topological entropy on a larger torusT 2 which is a finite cover of
be the geodesic flows and p : ST 2 → ST 2 the projection between the unit tangent bundles. As the number of the fibers is a constant finite number, sup y∈ST 2 h top (φ, p −1 (y)) vanishes. Then, if the topological entropy ofφ is positive, Theorem 2.7 implies that also h top (φ) = h top (g) is positive.
Proof of Theorem 2.6. Let c be a closed contractible geodesic on T 2 . We consider c on the universal covering. Then the lift of c is closed but may have self-intersections. In the first step we will conclude that the existence of c implies the existence of a simple closed geodesic on the universal covering. In the second step we will give an alternative proof for the statement of Denvir/MacKay that the existence of a simple closed geodesic implies positive topological entropy for g. 1) Let γ 0 : S 1 → R 2 be a simple closed contractible and smooth curve such that γ 0 and c have no intersections on R 2 and that c lies in the bounded connected component of R 2 \ γ 0 . We apply the curve-shortening flow to γ 0 and c. Obviously, c is a constant solution. By Theorem 2.3 there will appear no new intersections between γ t and c. Then, by construction γ t will not shrink to a point. Furthermore, γ t will stay in a bounded set K for all t: Every homotopy class of T 2 contains a minimal periodic geodesic.
and gcd(a, b) = 1 = gcd(p, q) we consider two minimal periodic geodesics on the universal covering, which we will denote by c (p,q) and c (a,b) . By construction they obviously fulfill
. The compact set K enclosed by the strips defines a cage for γ t , because since γ 0 does not intersect any of the bounding minimal geodesics, γ t will not intersect them for all t > 0. Now we apply Grayson's Theorem 2.2: Since γ t will not shrink to a point and stays in a compact set for all times, there exists a simple closed geodesic on R 2 . 2) From now on we will denote the simple closed geodesic again by c. For fixed (p, q) ∈ Z 2 \ {(0, 0)} and large enough n ∈ N the geodesic c does not intersect any of its translates τ i (np,nq) c for all i ∈ Z. We take a geodesic strip S that is bounded by two minimal periodic geodesics and contains all the translates τ i (np,nq) c of c. Obviously the bounding geodesics of S belong to the homotopy class (p, q). Broadening the strip we can assume that the bounding geodesics are translates of each other. We will denote them by α and τ α := τ (r,s) α with some suitable (r,
We will need it later.
For fixed j ∈ N and a j-tuple (a 1 , ..., a j ) = a with a k ∈ {0, 1} consider a smooth curve γ Identifying all points with their (jnp, jnq)-translates we get a cylinder C j . The strip S is then a bounded compact annulus on C j and γ (a) 0 is an embedded closed but not contractible curve on C j . We apply the curve shortening flow to γ (a) 0 on C j . By Theorem 2.3 γ (a) t cannot pass the bounding closed geodesics α and τ α and so it stays in the compact annulus for all t ≥ 0. As the Riemannian metric is periodic on C j the length of the curve γ converges to zero. This implies the existence of a closed geodesic in the limit satisfying the condition of the sequence a = (a 1 , ..., a j ). By this construction for fixed j and different sequences a we get at least 2 j j different closed geodesics on C j (" 1 j " because two cyclic permutations of a may induce the same geodesic.). As described in Remark 21 the length of the closed geodesics grows at most linear in j. We project these geodesics onto C 1 . Identifying α and τ 2 α we get a torusT 2 which is a finite cover of T 2 and on which we still have at least 2 j j closed geodesics. Projected onto T 2 they belong to the homotopy class (njp, njq). On the compact torusT 2 the curvature is bounded by a constant K g . Let r be the diameter of the biggest geodesic ball (concerning the curvature K g ) that fits in the compact set enclosed by c. So for j → ∞ we get an exponentially growingr-separating set of closed geodesics for allr ≤ r. By Remark 20 this implies positive topological entropy for the Riemannian metric onT 2 . By Theorem 2.7 then also the Riemannian metric g on T 2 has positive topological entropy.
Remark 21. We fix two "generating" segments of smooth curves such that by gluing them in an arbitrary order we get smooth curves γ Remark 22. The choice of the direction (p, q) ∈ Z 2 \ {(0, 0)} was arbitrary. This implies that if there exists a contractible closed geodesic on T 2 , high dynamical complexity appears for all rational directions.
In this section we showed that contractible geodesics on T 2 imply positive topological entropy for the metric g. This means that in the case of vanishing topological entropy there appear no contractible geodesics. Obviously periodic non-contractible geodesics are unbounded on the universal covering. By Lemma 1.1 we know that for periodic orbits on T 2 there exist the forward and backward rotation numbers. Hence further on for the investigation of arbitrary geodesics on T 2 and the proof of Main Theorem I we do not need to consider neither contractible nor periodic orbits on T 2 .
3 Bounded half-geodesics Definition 23. Let X be a metric space and φ : R × X → X a continuous flow. We call y ∈ X ω-limit point for v ∈ X, if there exists a sequence of times t n with t n → ∞, such that φ v (t n ) := φ(v, t n ) converges to y. The set of all ω-limit points for v ∈ X is called ω-limit set L ω (v), see [23] . A subset C ⊂ L ω (v) is called minimal whenever it is non-empty, invariant and closed, while no proper subset of C has these properties (see (3.5) in [30] ).
Definition 24. Let X be a metric space and φ : R × X → X a continuous flow. We call a point w ∈ X (and also its orbit φ w (R)) almost periodic, whenever for every neighborhood U of w the set D(w, U ) := {t ∈ R | φ w (t) ∈ U } is relatively dense in R. A subset A of R is called relatively dense, whenever there exists a real number l > 0 such that the gaps in A are bounded by l. For more details see (2.7) and (3.1) in [30] .
Remark 25. Let φ v (R ≥0 ) be bounded. Then the closure of φ v (R ≥0 ) is compact and by propositions (2.3) and (2.5) in [30] the ω-limit set L ω (v) is non-empty, closed and invariant under the flow φ. In particular L ω (v) is compact. By Theorem (3.12) in [30] this compact ω-limit set includes a minimal subset C. Then by Corollary (3.13) in [30] the minimal set C contains an almost periodic point w ∈ C. The property almost periodic, as defined in Definition 24, is a stronger form of recurrence.
Proof of Lemma 3.2. We assume that c + does not fulfill the required properties, otherwise we set c
} we denote the orbit of c + on the unit tangent bundle such that by the projectionπ :
) is bounded and its closure is compact. Then by Remark 25 the ω-limit set L ω (v) is not empty and includes a minimal subset C, that contains an almost periodic point w ∈ C. In particular every w ∈ C is almost periodic [8] and every point on φ w (R ≥0 ) belongs to its ω-limit set L ω (w). We fix w ∈ C and its half-orbit φ w (R ≥0 ). We will denote its projection to R 2 byπ • φ w =: γ + (note thatγ + (t) = φ w (t)). By construction γ + is a bounded half-geodesic on R 2 that fulfills the required properties.
Proof of Theorem 3.1. With Lemma 3.2 instead of c + we will consider γ + and its lifted halforbit φ w on the unit tangent bundle. Since every points on φ w (R ≥0 ) belongs to its ω-limit set L ω (w), every point on φ w (R ≥0 ) is a point of accumulation. We consider a simple closed smooth curve γ 0 :
We will show by Grayson's Theorem 2.2 that under the curve shortening flow there exists a sequence t n with t n → ∞ such that γ tn converges to a simple closed geodesic. Obviously γ + is constant under the curve shortening flow. 1) γ t will not shrink to a point The curves γ 0 and γ + have no points of intersection and by Theorem 2.4 new intersections under the shortening flow can only appear transversal in the end point γ + (0) of the half-geodesic γ + . We assume that this happens for θ > 0 for the first time. Let s ∈ S 1 such that γ + (0) = γ θ (s). Buṫ γ + (0) = φ w (0) = w is a point of accumulation for φ w and hence there exists a sequence r n > 0 with r n → ∞ and φ w (r n ) → w. For γ + this implies that γ + (r n ) → γ + (0) and also the tangent vectors in γ + (r n ) converge. But then there exists an integer N ∈ N, an ε > 0 and a sequencer n with |r n −r n | < ε for all n ≥ N such that γ
. 2) γ t will stay in a bounded set K for all t As in the proof of Theorem 2.6 we consider a compact set K that defines a cage for γ t (see Figure  4) . Also here we apply Grayson's Theorem 2.2: Since γ t will not shrink to a point and stays for all times in a compact set, there exists a simple closed geodesic on R 2 . By Theorem 2.6 g has positive topological entropy. We say that g fulfills the L-property if for all L > 0 there exists r > 0 such that the length of all curves in A r is larger than L. Remark 27. This demand on the metric g is a weaker form of the property that g and the Euclidian metric are equivalent, as formulated in Remark 19.
Proof. We restrict ourselves to the bounded half-geodesic and use the same arguments as in the proof of Theorem 3.1. The only modification is that we need new arguments to show that γ t stays in a bounded set of R 2 for all times t ≥ 0. Let L 0 = L(γ 0 ) be the length of γ 0 and we consider the compact set
withL ≥ 2L 0 large enough such that the length of curves α with K 1 in the bounded component of R 2 \ α is larger than L 0 . Let
γ t will stay in K 2 for all t ≥ 0: As shown in the proof of Lemma 3.1 γ 0 will not shrink to a point because it can not pass the bounded half-geodesic γ + in K. This implies that γ + lies in the bounded component of R
Pairs of V -geodesics and cloud-polygons
Definition 28. A piecewise geodesic curve with discrete singularities will be called polygon.
Definition 29.
Let c be a geodesic and P a set of properties for finite segments of c. We call a finite segment s = c([t 1 , t 2 ]) ⊂ c(R) with t 1 < t 2 ∈ R suitable if it satisfies all properties p ∈ P and is minimal in the sense that there exists no proper sub-segment s s ⊂ s that also fulfills all properties p ∈ P . Figure 6 ). In the same way we define the interior and exterior connected components of piecewise geodesic unbounded curves that fulfill the properties of a V -geodesic. From this construction it follows that considering c 1 there exists a translate of c 2 on the universal covering such that they cross. As c 1 and c 2 are unbounded and their rotation directions are pairwise different, the number of intersections of c 1 and c 2 is finite. We choose T > 0 large enough such that c 1 (t) = c 2 (t) only fort, t ∈ [−T, T ]. Let r ∈ σ be a rational direction, such that r ∈ σ and −r ∈ Σ. Let α be a minimal geodesic with rotation number r which is the lift of a periodic geodesic on T 2 and fulfills
Let τ α be a translate of α that also fulfills
and such that c 1 ([−
For p, q ∈ Z large enough with π δ (p, q) = r we consider translates of s 1 and s 2 such that
For fixed j ∈ N and a finite sequence of j elements (a 1 , ..., a j ) = a with a k ∈ {0, 1} we now consider as in the proof of Theorem 2.6 a smooth curve γ do not intersect B(x, ε) for all sequences a and γ (a) t will not intersect B(x, ε) for all t ∈ (0, T ) by the properties of the Curve Shortening. By the same arguments as in the proof of Theorem 2.6 we construct with the curve shortening flow at least 2 j j different closed geodesics on C j which are ε-separating. The length of these closed geodesics growths, as shown in Remark 21, at most linear. Analogue to the proof of Theorem 2.6 we conclude that g has positive topological entropy.
In particular the construction of this proof also holds for weaker assumptions on the involved curves. We can generalize Definition 30 for polygons fulfilling some additional conditions and formulate Lemma 4.1 in this more general setting.
Definition 32. Let c : R → R 2 be an unbounded polygon such that the forward and backward directions δ + (c) and δ − (c) exist with δ + (c) = ±δ − (c). The singularities of c are discrete by definition of a polygon and we denote the singularities on the boundary between the exterior and interior of c by c(t i ). If the interior angles at all singular points c(t i ) fulfill ∢(c(t i )) > π, then we call c a V -polygon (see Figure 9) . can not cross any of the V -polygons from the exterior to the interior, as already mentioned in the second section. 
Remark 35.
(a) The statements of Lemma 4.1 and Corollary 4.2 also hold when we replace c 2 by a U -geodesic.
(b) It is not true that for all U -geodesics there exist Euclidian strips such that the geodesic lies in this strip.
In the next step we will prove analogue results for the case of two U -geodesics as for two Vgeodesics. Although we will not use this lemma explicitly, it introduces an important procedure that we will apply to prove that both the existence of an oscillating half-geodesic and the nonexistence of a rotation number imply positive topological entropy for g. U -geodesics c 1 , c 2 on the universal covering with δ(c 1 ) = δ(c 2 ) . Then the metric g has positive topological entropy.
Lemma 4.3 (about U -geodesics). Let g be a Riemannian metric on T 2 . Assume there exist two
Proof. We distinguish two cases: (i) There exists (p, q) ∈ Z 2 \ {(0, 0)} such that c 1 and τ (p,q) c 2 intersect. In this case we conclude by the same approach as in the proof of Lemma 4.1 about V -geodesics that g has positive topological entropy.
(ii) For all (p, q) ∈ Z 2 \ {(0, 0)} we get c 1 ∩ τ (p,q) c 2 = ∅. This immediately implies that δ(c 1 ) = −δ(c 2 ). Let (a, b) ∈ Z 2 \ {(0, 0)} fulfill π ρ (a, b) = ρ(c 1 ) = ρ(c 2 ). Let γ denote a minimal periodic geodesic on T 2 with ρ(γ) = π ρ (a, b) and let τ (c,d) γ be a translate of γ with π δ (a, b) = π δ (c, d) and (c, d) ∈ Z 2 \ {(0, 0)}. Hence, by translating c 1 and c 2 we achieve that both c 1 and c 2 intersect γ and τ (c,d) γ. We call these translates c 1 and c 2 again. The minimal geodesic γ separates R 2 in two open connected components A and B. W.l.o.g. we assume that τ (c,d) γ(R) ⊂ B. From now on we only consider c 1 . The length of all segments of c 1 in one of the connected components is uniformly bounded by a constant. W.l.o.g. we assume that this is fulfilled for A, otherwise we interchange the notation for c 1 and c 2 . Let c 1 ([t 1 , t 2 ]) ⊂ A with t 1 < t 2 be a segment of c 1 with c 1 (t 1 ), c 1 (t 2 ) ∈ γ(R). Let c 1 ([t 0 , t 3 ]) with t 0 < t 1 < t 2 < t 3 and c 1 (t 0 ), c 1 (t 3 ) ∈ τ (c,d) γ(R) be another segment of c 1 , which is suitable concerning the upper properties as defined in Definition 29. We choose n 1 ∈ N large enough such that c 1 (
As shown in Figure 10 we consider τ
) for all j ∈ N and k ∈ {−n 1 , n 1 } and connect these segments for the times t 0 , t 1 , t 2 , t 3 for every single translate by segments of the minimal geodesics τ j (c,d) γ with j ∈ N. By construction the non-equal rotation numbers in forward and backward direction exist for the polygon and the interior angles at the singularities are bigger than π. Hence we get a V -polygon. For c 2 by an analogue construction we get a second V -polygon: There exists a segment c 2 ([s 0 , s 3 ]), s 0 < s 3 , with end points on γ that intersects τ (c,d) γ and is suitable. For an n 2 ∈ N with analogue intersection properties as for n 1 by gluing the segments τ j k(a,b)+(−c,−d) c 2 ([s 0 , s 3 ]) for all j ∈ N and k ∈ {−n 2 , n 2 } with segments of the translates of γ we get a second V -polygon. Modifying both constructions with n = max{n 1 , n 2 } we get two V -polygons that intersect after translation of one of them. The forward and backward rotation numbers of these V -polygons fulfill the conditions of Lemma 4.2. Applying Lemma 4.2 we conclude that the topological entropy of g is positive.
Definition 36. A closed polygon c : S 1 → R 2 with finitely many singularities in the points c(t 1 ), ..., c(t n ) is called cloud-polygon, if the interior angles ∢(c(t i )) are bigger than π for 1 ≤ i ≤ n.
Lemma 4.4 (about cloud-polygons). Let g be a Riemannian metric on T 2 . Assume there exists a cloud-polygon c on the universal covering. Then there exists a closed geodesic on the universal covering and the metric g has positive topological entropy.
Proof. We consider a closed embedded curve γ 0 around the cloud-polygon c. Under the curveshortening flow this curve converges to a closed contractible geodesic because it cannot shrink to a point. The only possibility to enter c is to pass the singularities. As the interior angles fulfill ∢(c(t i )) > π this is not possible. By the same arguments as in the proof of Lemma 3.1 the curve γ 0 cannot escape to infinity. Then Grayson's Theorem 2.2 implies the existence of a closed geodesic and by Theorem 2.6 we conclude that g has positive topological entropy. In other words this means that the geodesics c have no contractible self-intersections. As an application of this result we get the following definition and corollary:
Definition 37. Let c : R → R 2 be a geodesic on the universal covering with two or more selfintersections, i.e., c(t 1 ) = c(t 2 ) and c(t 3 ) = c(t 4 ) for the pairs of times t 1 < t 2 and t 3 < t 4 with t 1 = t 3 and t 4 = t 2 . The self-intersections are called nested, if it holds t 1 ≤ t 3 < t 4 ≤ t 2 . Otherwise we call the self-intersections non-nested (see Figure 11 ).
non-nested
non-nested non-nested nested
(f) (g) (d) t 1 < t 2 < t 3 < t 4 t 1 < t 3 < t 2 < t 4 t 1 < t 2 = t 3 < t 4 t 1 < t 3 < t 4 < t 2 Figure 11 : illustration to Lemma 5.2. Proof. We distinguish the cases (a), (b), (c), (d), (e), (f) and (g) as introduced in Figure 11 . In case (a) the proof works with the same local treatment as in [7] : We consider a smooth simple closed curve γ 0 : S 1 → R 2 such that the geodesic segment c([t 1 , t 4 ]) has no intersections with γ 0 on R 2 and lies in the bounded connected component of R 2 \ γ 0 . With Theorem 2.4 we argue as in [7] that intersections of c([t 1 , t 4 ]) and γ t under the curve-shortening flow can only appear in the endpoints c(t 1 ) and c(t 4 ). But in these points the exterior angles of the geodesic segments are either π or smaller than π. Hence, common points of γ t and c([t 1 , t 4 ]) are not possible, because γ 0 is an embedded curve. This means that γ t will not shrink to a point. As in the first part of the proof of Theorem 2.6 we conclude that γ t will stay in a bounded set K for all t ≥ 0. Then by Grayson's Theorem 2.2 there exists a simple closed geodesic on R 2 and the metric g has positive topological entropy. In the cases (b), (c) and (e) we consider the geodesic segment c ([t 4 , t 3 ] ). The interior vertex in c(t 4 ) = c(t 3 ) of this geodesic loop fulfills the property for the interior angle of a cloud-polygon as defined in Definition 36. In case (d) we consider the union of the geodesic segments c ([t 1 , t 3 ] ) and c([t 2 , t 4 ]). Also here the interior vertices in c(t 1 ) = c(t 2 ) and c(t 4 ) = c(t 3 ) of this piecewise geodesic closed curve fulfill the property for the interior angle of a cloud-polygon as defined in Definition 36. In the cases (f) and (g) we consider the geodesic segment c ([t 1 , t 3 ] ). Also here we get a cloud-polygon as defined in Proof. Let t 1 < t 2 fulfill c(t 1 ) = c(t 2 ). We consider c : [t 0 , ∞) → R 2 for t 0 > t 2 . By assumption there exist t 3 , t 4 with t 0 < t 3 < t 4 and c(t 3 ) = c(t 4 ). As defined in Definition 37 these two selfintersections are non-nested and of type (a) or (b) as introduced in Figure 11 . But then Lemma 5.2 about non-nested self-intersections implies the existence of a closed contractible geodesic and positive topological entropy for the metric g.
Lemma 5.2 (about non-nested self-intersections). Let g be a Riemannian metric on T 2 . Then the existence of a geodesic c with two non-nested self-intersections on the universal covering R
Remark 38. The existence of a closed contractible geodesicc on T 2 is equivalent to the existence of a geodesic c : R → R 2 on the universal covering of T 2 such that c : [t 0 , ∞) → R 2 has selfintersections for all t 0 ∈ R. One direction of this statement is given by Corollary 5.3. For the other direction similar to the approach in the proof of Theorem 2.6 we construct a periodic non-contractible geodesic c on T 2 with non-nested self-intersections on the universal covering.
Henceforth we only consider half-geodesics c + . With analogue proofs all of the following statements for c + also hold for c − .
Remark 39. Let c + : R ≥0 → R be a half-geodesic on the universal covering of T 2 . By Lemma 5.2 about non-nested self-intersections we know that the existence of two non-nested self-intersections implies positive topological entropy. If there does not exist a pair of non-nested self-intersections, then we can shorten the half-geodesic to a half-geodesic without self-intersections because we are only interested in asymptotic behavior: If c + has only one contractible self-intersection with c + (t 1 ) = c + (t 2 ) for t 1 < t 2 , then we restrict ourselves to c + | [t2,∞) which has no self-intersections anymore. If c + has more than one but only nested self-intersections, then we denote by t 2) There exists a sequence i n → ∞, n ∈ N, with t
By compactness of T 2 there exists a global injectivity radius a > 0. This implies that in case 2) for all n ∈ N it either holds t
is finite it follows that case 2) is not possible. In case 1) to consider half-geodesics without self-intersections we restrict c + to the interval [t 
Proof.
(a) We assume that c has self-intersections. As g has vanishing topological entropy, we know by Main Theorem I that c is unbounded and that the forward and backward rotation numbers exist. By Lemma 5.2 it follows that c has either one or only nested self-intersections. As c is unbounded and the rotation directions do not coincide, c has only a finite number of self-intersections. Let t 1 be the largest time such that we fix t 2 < t 1 with c(t 1 ) = c(t 2 ). Let r ∈ S 1 be a rational direction such that r and −r lie in different connected components of S 1 \ {δ + (c), δ − (c)}. We choose a minimal geodesic α on the minimal covering and some translate τ α of α with rotation number r such that c ([t 1 , t 2 ]) lies in the open geodesic strip S between α and τ α. For an illustration of the main ideas of this proof see Figure 12 . From now on, we only consider a suitable segment s = c([T 2 , T 1 ]) of c with endpoints T 1 > t 1 and T 2 < t 2 on α and τ α, respectively. Let (p, q) ∈ Z 2 \ {(0, 0)} be large enough such that π δ (p, q) = r and τ (p,q) s ∩ s = ∅. We consider the translates τ i (p,q) s for all i ∈ Z. As in the proof of Theorem 2.6 we consider for fixed j ∈ N and a j-tuple (a 1 , ..., a j ) = a with a k ∈ {0, 1} a smooth curve γ Remark 40. With the Birkhoff curve shortening which is not restricted to closed curves and the ideas introduced by S. V. Bolotin and P. H. Rabinowitz in [14] it is also possible to construct two U -geodesics with the rotation numbers δ + (c) and δ − (c), respectively, for both rotation directions in part (a) of the corollary.
An open question is, if there exists a Riemannian metric g with vanishing topological entropy such that there exists a rotation direction s ∈ S 1 and U -geodesics with this rotation direction and self-intersections.
6 Oscillating half-geodesics Proof. With Corollary 5.3 and Remark 39 we only need to consider oscillating half-geodesics without self-intersections on the universal covering. Due to the definition of an oscillating halfgeodesic there exist sequences t n , s n tending to infinity and a compact set K ⊂ R 2 such that c + (s n ) ∈ K and ||c + (t n )|| → ∞ for n → ∞. We consider two minimal geodesics and two translates of them on the universal covering which are periodic geodesics and belong to the homotopy classes (0, 1) and (1, 0) on T 2 , fulfilling the property that they enclose the compact set K (see Figure 13 ). The half-geodesic c + enters and leaves K an infinite number of times. In particular, as ||c + (t n )|| tends to infinity c + intersects one of the minimal geodesics that enclose K an infinite number of times and there exists a point of accumulation on this minimal geodesic. 
We assume that c + (R ≥0 ) ∩ S R is unbounded and that x lies in S L . Otherwise we interchange the notation for S R and S L or consider some translate τ Both cases together imply that if there exists an oscillating half-geodesic then g has positive topological entropy.
Remark 41. On condition that the oscillating half-geodesic fulfills some properties, it is also possible to show the existence of a contractible closed geodesic.
To get a Riemannian torus (T 2 , g) with a contractible closed geodesic we proceed as Bangert in [11] constructing a big bump on an arbitrary Riemannian torus. But then the existence of a closed contractible geodesic on T 2 implies the existence of oscillating half-geodesics on the universal covering. The construction of examples uses again the Curve Shortening.
The proofs of the Main Theorems I, II and III
As already defined in Definition 12 we consider for an unbounded half-geodesic c + on the universal covering the set R(c . But then we also get #{c
Then, π ρ (m + ka, n + kb) ∈ R(c + ) for all k ∈ Z.
Definition 42 (Polar-angle function). Let c + : R ≥0 → R 2 be an unbounded half-geodesic. We translate the coordinate system of the universal covering R 2 such that (0, 0) =
||c + (t)|| for all t ≥ 0. Then, the continuous function θ : R ≥0 → R with c + (t) ||c + (t)|| = e 2πiθ(t) =: E(θ(t)) and θ(0) ∈ [0, 1)
will be called polar-angle function.
We say that c + performs a wave motion if θ is bounded. If θ is unbounded we say that c + performs a coil motion. Obviously, the determination in wave motion and coil motion is independent of the choice of the reference point (0, 0). c + (t) as t tends to ∞ and π ρ (s p ) = π(s q ). Using the polar-angle-function from Definition 42 we will show that in the case of a wave motion and the case of a coil motion we get open intervals on S 1 such that for every rational direction r = π δ (a, b) with π(r) / ∈ R(c + ) in these intervals the half-geodesic c + intersects its translate τ (a,b) c + infinitely many times. This implies that #R(c + ) = ∞.
Proof of case (i):
First we consider the wave motion case, that is, θ is bounded. Then the pre-images E −1 (s p ) and E −1 (s q ) of the two accumulation points are finite. Therefore we can consider two corresponding limit pointss p ands q in θ(R ≥0 ). We defines p ands q to be points in θ(R ≥0 ) such that E(s p ) = s p , E(s q ) = s q and there exist sequences (p n ) n∈N and (q n ) n∈N with
Obviously, the projection on
W.l.o.g. we can assume θ(p n ) > θ(q m ) for all n, m ∈ N, otherwise we interchange the roles of s p and s q and leave out some of the first elements of the sequences. We can even get θ(p n ) − θ(q m ) > 3ε and θ(q n ) + 1 2 − θ(p m ) > 3ε for all n, m ∈ N for some ε > 0. This condition ensures that for the projection on S 1 some ε-neighborhoods of s p and s q do not intersect and that there exist intervals on S 1 of the length ε between them. Now we chooser ∈ (s q + ε,s p − ε) corresponding to a rational direction r = E(r) ∈ S 1 with (a, b) ∈ Z 2 \ {(0, 0)} fulfilling π δ (a, b) = r but π ρ (a, b) / ∈ R(c + ). We define an intermediate time sequence (t ′ n ) n∈N as follows: Because of p n < q n and θ(q n ) <r < θ(p n ), and by continuity the curve θ hitsr in the time interval (p n , q n ). By the same argument it hitsr in the interval (q n , p n+1 ) again. Now, for odd n = 2k − 1, let t ′ n be the smallest t > p k with θ(t) =r. For even n = 2k, let t ′ n be the smallest t > q k with θ(t) =r. This construction implies
lie on a straight ray L from the origin with direction r ∈ S 1 . For our argument we have to ensure a certain distance between these points on the ray. Because c + is unbounded we get lim n→∞ c + (t ′ n ) = ∞. Therefore, by leaving out even numbers of neighboring times, we can find a subsequence (t n ) n∈N fulfilling ||c Figure 15 ). But then
Figure 15: illustration to case (i) in Lemma 7.2.
we get that τ (a,b) c + (t n ) lies between c + (t n ) and c + (t n+1 ), τ (a,b) c + (t n+1 ) lies between c + (t n+1 ) and c + (t n+2 ), and τ (a,b) c + (t n+2 ) lies between c + (t n+2 ) and c + (t n+3 ) on L. By continuity c + intersects its translate τ (a,b) c + in the time interval [t n , t n+2 ] at least two times.
Proof of case (ii):
Now we turn to the coil motion case, that is, θ in unbounded. The set θ(R ≥0 ) is connected as the image of the non negative numbers under a continuous map. W.l.o.g. we assume R ≥a ⊂ θ(R ≥0 ) for an a > 0, otherwise we have R ≤a ⊂ θ(R ≥0 ) and the proof is analogous. As in case (i) we choose a rational direction r ∈ S 1 with (a,
. We construct the sequence (t ′ n ) n∈N as follows: Let t ′ n be the smallest t > 0 such that θ(t) > n − 1 and E(θ(t)) = r. Like in the wave motion case the points c + (t ′ n ) lie on a straight ray L starting in the origin with direction r ∈ S 1 . Again, using lim n→∞ c + (t ′ n ) = ∞, we define a subsequence (t n ) n∈N such that we get ||c Figure 16 ). But then with the same arguments as in case (i) it follows that c + intersects its translate τ (a,b) c + in the interval [t n , t n+1 ] at least two times.
Then, in both cases c + and τ (a,b) c + intersect infinitely many times. Proof. (a) As c + performs a coil motion, the continuous polar-angle-function is unbounded. W.l.o.g. we can assume, as in the proof of Lemma 7.2, that R ≥a ⊂ θ(R ≥0 ) for an a > 0. Then for all rational r ∈ S 1 the pre-image E −1 (r) is infinite and for chosen r, s ∈ S 1 with π(r) = π(s) there exist monotone increasing sequences of times t n , s n such that
for all n ∈ N. This implies that
Hence, the forward rotation number ρ + (c + ) does not exist. Then by Lemma 7.2 #R(c + ) = ∞. We fix a rational number r and (p, q) ∈ Z 2 \ {(0, 0)} with π ρ (p, q) = r, and consider c + and its translate τ (p,q) c + . Let the straight line L go through c + (0) and τ (p,q) c + (0). As c + is unbounded we get for the sequence of intersection points of c + with L the property ||c + (t n )|| → ∞ for t n → ±∞. We choose two intersection points c + (t 1 ) and c + (t 2 ) of c + with L satisfying the following conditions:
As defined in Definition 42, θ is the polar-angle-function. do not intersect. Because the same construction as above implies an intersection point, this assumption implies a contradiction. We conclude that for all rational numbers r ∈ (−∞, ∞] the half-geodesic c + intersects all of its rtranslates infinitely many times.
(b) We will use the construction of Lemma 7.2. Let extend the ray L to a straight lineL with rotation number r. ThenL divides R 2 in two connected components A and B. We consider a minimal geodesic d with ρ 
Shortening the half-geodesic c + we can assume that it has no self-intersections on the universal covering, otherwise by Corollary 5.3 the metric g has positive topological entropy. We have to check if π ρ (a, b), π ρ (p, q) still lie in R(c + ), i.e., for all t 0 > 0 the half-geodesic c + | [t0,∞) still has infinitely many intersections with its translates τ (p,q) c + and τ (a,b) c + : Otherwise c + | [0,t0] and one of the given translates τ c + would intersect infinitely many times. But c + | [0,t0] is compact. This implies that τ c + returns into a compact set infinitely many times. Let the sequence of times be s n . By the existence of an injectivity radius a > 0 as in Remark 39 we conclude that s n → ∞. But then τ c + and hence c + is a bounded or an oscillating geodesic and not unbounded as assumed. As in the proof of Lemma 7.2 we distinguish two kinds of half-geodesics : (i) coil motion: The statement follows from Lemma 7.3.
(ii) wave motion: We chose t (a,b) , t (p,q) such that they fulfill the following conditions:
(1) There exist neighboring intersection times t Figure 18 : illustration to the proof of Lemma 7.4, case (ii), construction of V + .
The proofs of Main Theorem IV and Main Theorem V
Proof of the Main Theorem IV. One of the directions of the statement is trivial. For the other we proceed in two steps: In the first step we will show that in any fixed nontrivial homotopy class the periodic minimal geodesics foliate T 2 . In the second step we will conclude that the metric g is flat. First step: We fix an arbitrary homotopy class (p, q) = (0, 0) with gcd(p, q) = 1. Assume that T 2 is not foliated by periodic minimal geodesics of this homotopy class. As reported in Remark 9 neighboring minimal geodesics in a fixed homotopy class are then connected by asymptotic minimal geodesics. We consider the (p, q)-covering of T 2 calledT 2 . The homotopy class (p, q) on T 2 corresponds to the homotopy class (1, 1)T 2 on this larger torusT 2 if p, q = 0, otherwise to the homotopy class (0, 1)T 2 or (1, 0)T 2 . Further on we denote this homotopy class by hT 2 . Let c 1 , c 2 be two neighboring minimal closed geodesics onT 2 in the homotopy class hT 2 . Because of minimality they are embedded and do not intersect. Then they border a closed strip C that by assumption does not contain any other closed minimal geodesics of the homotopy class hT 2 . c 1 and c 2 have the same length l(c i ) of a period and it is possible that onT 2 or T 2 they are one and the same geodesic. On the universal covering R 2 ofT 2 we denote the translation elements byτ (a,b) with (a, b) ∈ Z 2 \ {(0, 0)}. Obviously a curve γ that connects x ∈ R 2 andτ (a,b) x on the universal covering belongs to the homotopy class (a, b)T 2 onT 2 (see also Figure 19 ). Let c be a minimal closed geodesic that belongs to the homotopy classes (1, 0)T 2 or (0, 1)T 2 , but not to the homotopy class of c 1 and c 2 . By the minimality c and c 1 , and c and c 2 have one common point onT 2 .
The set Γ x contains a shortest element. In particular this curve is a geodesic loop: Considering x and its translateτ hT 2 x on the universal covering ofT 2 by the theorem of Hopf-Rinow there exists a minimal connecting geodesic. This geodesic has no contractible self-intersections because otherwise it could be shorted by leaving out the contractible loop. OnT 2 this geodesic, called γ x , is a loop and fulfills l(γ x ) ≤ l(γ) for all γ ∈ Γ x . The geodesic γ x is closed and periodic, otherwise it would intersect its hT 2 -translate. Then, projected to T 2 it would intersect its (p, q)-translate, in contradiction to the assumption. The geodesics γ x and c i do not intersect: An odd number of intersections would immediately imply that γ x and c 1 (c 2 , respectively) can not belong to the same homotopy class. In the case of an even not vanishing number of intersections the geodesic segment of γ x has to be not shorter than the corresponding segment of c 1 , otherwise we get a contradiction to the minimality of c 1 . But then, replacing the segment of γ x by this of c 1 we create singularities on γ x and the curve could be shorted near them, in contradiction to the definition of γ x . By repeating the minimality argument, γ x and c intersect onT 2 only once, exactly in x.
Again by the local minimality and the same homotopy class membership, for any other y ∈ c(R)∩ The inequality holds by the assumption that in C lie no minimal closed geodesics except c 1 , c 2 . Let b = d(x 0 , c 1 ). Then for n ∈ N large enough nl(c 1 ) + 2b < nl(γ x0 ).
Now we are searching for the shortest curve in the homotopy class n · hT 2 through the point x 0 , called η x0 . This curve will not run through γ x0 for n times, because going from x 0 to c 1 , running n times around c 1 and returning to x 0 gives by the choice of n a shorter curve. The curve η x0 with l(η x0 ) ≤ nl(c 1 ) + 2b has to be prime-periodic because otherwise it would have selfintersections and projected to T 2 cross its (np, nq)-translates in contradiction to the assumption. But with l(γ x0 ) > l(c i ) this is a contradiction to the construction of γ x0 . This implies that all constructed periodic geodesics in C have the same length and foliateT 2 . Then of course they also foliate T 2 . In particular, they are minimal geodesics, because considering γ x for some x ∈ c(R) ∩
• C on the universal covering ofT 2 and two points z, z ′ ∈ γ x , by construction the shortest connecting geodesic γ is a segment of γ x . Obviously, also for homotopy classes (np, nq) π δ (a, b) .
Proof of 3):
We already know that all geodesics on the universal covering are unbounded. Assume that g has positive topological entropy. Then by Theorem 8.2 there exists a horseshoe of hyperbolic geodesics.
(I) The geodesics in the horseshoe on the universal covering that correspond to periodic geodesics on T 2 belong to only one homotopy class (a, b): Otherwise we can connect two geodesics c 1 and c 2 with ρ(c 1 ) = ρ(c 2 ) by two asymptotic Vgeodesics a 1 and a 2 . The geodesic a 1 and some translate of a 2 intersect and enclose a compact set K. The translate of a 2 can be chosen such that K covers more than one fundamental area. By a construction as in Lemma 4.1 we get periodic geodesics crossing their translates. This is a contradiction. By the same procedure the construction of connecting U -geodesics a 1 , a 2 between two periodic geodesics c 1 , c 2 in the horseshoe with δ + (c 1 ) = δ − (c 2 ) (and δ + (c 2 ) = δ − (c 1 )) implies a contradiction to the assumption that no geodesic crosses its translates on the universal covering. (II) Furthermore, the geodesics in the horseshoe have no intersections among each other on the universal covering: We consider an asymptotic geodesicã connecting two intersecting geodesics c 1 , c 2 with the same rotation number ρ(c 1 ) = ρ(c 2 ) = π ρ (p, q) and (p, q) ∈ Z 2 \ {(0, 0)}. For an arbitrary small ε > 0 there exists C ≥ 0 such that for t > C the geodesicã lies in an ε-neighborhood of c 1 and for −t < −C the geodesicã lies in an ε-neighborhood of c 2 . Then for ε > 0 small and k ∈ Z large enoughã intersects its translate τ (kp,kq)ã . In the context of minimal geodesics we prove in [26] that the topological entropy of the geodesic flow restricted to the set of initial conditions of minimal geodesics always vanishes. By the same arguments it follows that not intersecting periodic geodesics in one homotopy class cannot create positive topological entropy. This is a contradiction to the assumption that g has positive topological entropy.
Proof of the Main Theorem V. Further on we only consider periodic geodesics without intersections with their translates because the existence of one intersection implies infinitely many intersections. So 1) holds. In 2) the proof of the existence of the forward and backward rotation numbers is the same as in the proof of theorem 8.3. In 3) we only need to show that periodic geodesics in the horseshoe with the same rotation numbers do not intersect. As in the proof of Theorem 8.3 there exists a k ∈ Z large enough such that an asymptotic geodesic a and its translate τ (kp,kq) a intersect. But because of the asymptotic behavior of a it is obvious that for a sequence of translates τ (lp,lq) a with k ≤ l → ∞ the number of intersections of a and τ (lp,lq) a grows and is unbounded.
Properties of the rotation number
In this section as already introduced in Remark 10 we consider the functions By construction c n crosses either γ 1 , γ 2 or γ 3 , γ 4 twice. Considering only a suitable segment of c n fulfilling this condition we achieve the same situation as in the proof of Lemma 4.3 about U -geodesics and by the same procedure we can construct a V -polygon V 1 . In the second step we consider the vector −v and the geodesicc withċ(0) = −v. Obviously we havec(t) = c(−t) and because of δ + (c) = −δ − (c) we get δ − (c) = δ + (c) = −r. Analogously to the first step we construct a V -polygon V 2 . Obviously the V -polygons V 1 , V 2 fulfill the requirements of Lemma 4.1 and imply positive topological entropy for g, in contradiction to the assumption. Changing in all involved geodesics the orientation we get the same result for the backward rotation directions. For the proof of this theorem we need the following theorem:
Theorem 9.4 (Birkhoff Ergodic Theorem, see e.g. [23] ). Let T : (X, µ) → (X, µ) be a measurepreserving and invertible transformation of a probability space, and let ϕ ∈ L 1 (X, µ). Then for µ-almost every x ∈ X the following time averages exist: 
